
EXERCICE 1 : Modélisation de l’action de pesanteur

dl

M

𝒆𝒓

𝒆𝜽



d

𝒅𝑭𝒑𝒆𝒔→𝑺

𝑶𝑴 = 𝑹. 𝒆𝒓

dl = R.d

𝒅𝑭𝒑𝒆𝒔→𝑺 = 𝝀𝒈𝒅𝒍

𝑻𝒑𝒆𝒔→𝑺 =
𝑹𝒑𝒆𝒔→𝑺

𝑴𝑶,𝒑𝒆𝒔→𝑺

𝝀 : masse linéique [kg.m-1]



𝑶𝑴 = 𝑹. 𝒆𝒓

dl = R.d

𝒅𝑭𝒑𝒆𝒔→𝑺 = 𝝀𝒈𝒅𝒍

𝑻𝒑𝒆𝒔→𝑺 =
𝑹𝒑𝒆𝒔→𝑺

𝑴𝑶,𝒑𝒆𝒔→𝑺

𝑹𝒑𝒆𝒔→𝑺 = න
𝑺

𝒅𝑭𝒑𝒆𝒔→𝑺 = න
𝑺

𝝀𝒈𝒅𝒍

𝑹𝒑𝒆𝒔→𝑺 = −𝝀𝒈𝑹. 𝒚 න
𝑺

𝒅𝜽

𝑹𝒑𝒆𝒔→𝑺 = −𝝀𝒈𝑹. 𝒚 න
𝜽=−

𝝅
𝟐

𝜽=
𝝅
𝟐

𝒅𝜽

𝑹𝒑𝒆𝒔→𝑺 = −𝝀𝒈𝑹𝝅. 𝒚

𝝀 : masse linéique [kg.m-1]
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𝑶𝑴 = 𝑹. 𝒆𝒓

dl = R.d

𝒅𝑭𝒑𝒆𝒔→𝑺 = 𝝀𝒈𝒅𝒍

𝑻𝒑𝒆𝒔→𝑺 =
𝑹𝒑𝒆𝒔→𝑺

𝑴𝑶,𝒑𝒆𝒔→𝑺

𝑴𝑶,𝒑𝒆𝒔→𝑺 = න
𝑺

𝑶𝑴 ∧ 𝒅𝑭𝒑𝒆𝒔→𝑺 = න
𝑺

𝑹. 𝒆𝒓 ∧ 𝝀𝒈𝒅𝒍

𝑴𝑶,𝒑𝒆𝒔→𝑺  = −𝝀𝒈𝑹𝟐 න
𝑺

𝒆𝒓 ∧ 𝒚. 𝒅𝜽

𝑴𝑶,𝒑𝒆𝒔→𝑺  = −𝝀𝒈𝑹𝟐. 𝒛 න
𝜽=−

𝝅
𝟐

𝜽=
𝝅
𝟐

𝒄𝒐𝒔𝜽𝒅𝜽

𝑴𝑶,𝒑𝒆𝒔→𝑺  = −𝟐𝝀𝒈𝑹𝟐. 𝒛

𝝀 : masse linéique [kg.m-1]

𝑹𝒑𝒆𝒔→𝑺 = −𝝀𝒈𝑹𝝅. 𝒚
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M

𝒅𝑭𝒑𝒆𝒔→𝑺

𝑶𝑴 = 𝒓. 𝒆𝒓

dS = r.dr.d

𝒅𝑭𝒑𝒆𝒔→𝑺 = 𝝈𝒈𝒅𝑺

𝑻𝒑𝒆𝒔→𝑺 =
𝑹𝒑𝒆𝒔→𝑺

𝑴𝑶,𝒑𝒆𝒔→𝑺

dS
d

dr
𝝈 : masse surfacique [kg.m-2]

𝒆𝒓

𝒆𝜽



r
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𝑶𝑴 = 𝒓. 𝒆𝒓

dS = r.dr.d

𝒅𝑭𝒑𝒆𝒔→𝑺 = 𝝈𝒈𝒅𝑺

𝑻𝒑𝒆𝒔→𝑺 =
𝑹𝒑𝒆𝒔→𝑺

𝑴𝑶,𝒑𝒆𝒔→𝑺

𝑹𝒑𝒆𝒔→𝑺 = −𝝈𝒈
𝑹𝟐

𝟐
𝝅. 𝒚

𝑴𝑶,𝒑𝒆𝒔→𝑺  = −𝟐𝝈𝒈
𝑹𝟑

𝟑
. 𝒛 𝝈 : masse surfacique [kg.m-2]
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dV = r2sin .dr.dd

𝒅𝑭𝒑𝒆𝒔→𝑺 = 𝝆𝒈𝒅𝑽

                 = −𝝆𝒈𝒚𝒅𝑽

𝑻𝒑𝒆𝒔→𝑺 =
𝑹𝒑𝒆𝒔→𝑺

𝑴𝑶,𝒑𝒆𝒔→𝑺

𝝆 : masse volumique [kg.m-3]

𝒙

𝒚

𝒛

𝒅𝑭𝒑𝒆𝒔→𝑺

𝑶𝑷 = 𝒓. 𝒆𝒓

𝑶𝑷 = 𝒓sin sin. 𝒙
          + 𝒓cos . 𝒚
          + 𝒓sin cos. 𝒛
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𝑻𝒑𝒆𝒔→𝑺 =
𝑹𝒑𝒆𝒔→𝑺

𝑴𝑶,𝒑𝒆𝒔→𝑺

𝑹𝒑𝒆𝒔→𝑺 = න
𝑺

𝒅𝑭𝒑𝒆𝒔→𝑺

𝑹𝒑𝒆𝒔→𝑺 = −𝝆𝒈. 𝒚 න
𝑺

𝒅𝑽

𝑹𝒑𝒆𝒔→𝑺 = −𝝆𝒈
𝟐

𝟑
𝝅𝑹𝟑. 𝒚

𝑶𝑷 = 𝒓sin sin. 𝒙
          + 𝒓cos . 𝒚
          + 𝒓sin cos. 𝒛

dV = r2sin .dr.dd

𝒅𝑭𝒑𝒆𝒔→𝑺 = −𝝆𝒈𝒚𝒅𝑽
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𝑴𝑶,𝒑𝒆𝒔→𝑺 = න
𝑺

𝑶𝑷 ∧ 𝒅𝑭𝒑𝒆𝒔→𝑺 = න
𝑺

𝑶𝑷 ∧ −𝝆𝒈𝒚. 𝒅𝑽

𝑴𝑶,𝒑𝒆𝒔→𝑺  = −𝝆𝒈 න
𝑺

𝒓sin sin. 𝒙 + 𝒓sin cos. 𝒛 ∧ 𝒚. 𝒅𝑽

𝑶𝑷 = 𝒓sin sin. 𝒙
          + 𝒓cos . 𝒚
          + 𝒓sin cos. 𝒛

dV = r2sin .dr.dd

𝒅𝑭𝒑𝒆𝒔→𝑺 = −𝝆𝒈𝒚𝒅𝑽

𝑴𝑶,𝒑𝒆𝒔→𝑺  = −𝝆𝒈 න
𝑺

𝒓sin sin. 𝒛 − 𝒓sin cos. 𝒙 . 𝒅𝑽

𝑴𝑶,𝒑𝒆𝒔→𝑺  = −𝝆𝒈 න

𝒓=𝟎

𝑹

න

𝝋=𝟎

𝝅

න

𝜽=𝟎

𝝅

𝒓𝟐𝒔𝒊𝒏𝝋 𝒓sin sin. 𝒛 − 𝒓sin cos. 𝒙 . 𝒅𝒓𝒅𝜽𝒅𝝋

𝑴𝑶,𝒑𝒆𝒔→𝑺  = −𝝆𝒈 න

𝒓=𝟎

𝑹

න

𝝋=𝟎

𝝅

න

𝜽=𝟎

𝝅

𝒓𝟐𝒔𝒊𝒏𝝋 𝒓sin sin. 𝒛 . 𝒅𝒓𝒅𝜽𝒅𝝋

EXERCICE 1 : Modélisation de l’action de pesanteur



𝑶𝑷 = 𝒓sin sin. 𝒙
          + 𝒓cos . 𝒚
          + 𝒓sin cos. 𝒛

dV = r2sin .dr.dd

𝒅𝑭𝒑𝒆𝒔→𝑺 = −𝝆𝒈𝒚𝒅𝑽𝑴𝑶,𝒑𝒆𝒔→𝑺  = −𝝆𝒈 න

𝒓=𝟎

𝑹

න

𝝋=𝟎

𝝅

න

𝜽=𝟎

𝝅

𝒓𝟑𝒔𝒊𝒏𝟐𝝋 sin. 𝒛. 𝒅𝒓𝒅𝜽𝒅𝝋

𝑴𝑶,𝒑𝒆𝒔→𝑺  = −𝝆𝒈 න

𝒓=𝟎

𝑹

𝒓𝟑𝒅𝒓 න

𝝋=𝟎

𝝅

𝒔𝒊𝒏𝟐𝝋𝒅𝝋 න

𝜽=𝟎

𝝅

 sin 𝒅𝜽. 𝒛

𝑴𝑶,𝒑𝒆𝒔→𝑺  = −𝝅𝝆𝒈
𝑹𝟒

𝟒
. 𝒛

𝑻𝒑𝒆𝒔→𝑺  =
−𝝆𝒈

𝟐

𝟑
𝝅𝑹𝟑. 𝒚

−𝝅𝝆𝒈
𝑹𝟒

𝟒
. 𝒛

𝑶

𝑻𝒑𝒆𝒔→𝑺  =
−𝝆𝒈

𝟐

𝟑
𝝅𝑹𝟑. 𝒚

𝟎 𝑮

NB :
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EXERCICE 2 : Barrage pesant

𝒚

𝒛

𝒚

O

1 m

M

𝒙

𝒅𝑭𝒆→𝒃 dy

dz

𝒅𝑭𝒆→𝒃

𝒅𝑭𝒆→𝒃 = 𝒑 𝒛 𝒅𝑺. 𝒙

dS = dy.dz



𝒛

𝒚

O

1 m

M

𝒙

dy

dz

𝒅𝑭𝒆→𝒃

𝒅𝑻𝒆→𝒃 =
𝒑 𝒛 𝒅𝑺. 𝒙

𝟎 𝑴

𝑻𝒆→𝒃 =

𝑹𝒆→𝒃 = න
𝑺

𝒑 𝒛 𝒅𝑺. 𝒙

𝑴𝑶,𝒆→𝒃 = න
𝑺

𝑶𝑴 ∧ 𝒑 𝒛 𝒅𝑺. 𝒙
𝑶

dS = dy.dz
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𝑹𝒆→𝒃 = 𝑺׬
𝒑 𝒛 𝒅𝑺. 𝒙

𝒛

𝒚

O

1 m

M

𝒙

dy

dz

𝒅𝑭𝒆→𝒃

dS = dy.dz

𝑹𝒆→𝒃 = 𝒛=𝟎׬

𝒉
−=𝒚׬ ൗ𝟏

𝟐

ൗ𝟏
𝟐 𝒑𝟎 + 𝝆𝒈 𝒉 − 𝒛 𝒅𝒚𝒅𝒛. 𝒙

𝑹𝒆→𝒃 = 𝒛=𝟎׬

𝒉
𝒑𝟎 + 𝝆𝒈 𝒉 − 𝒛 𝒅𝒛. 𝒙

𝑹𝒆→𝒃 = 𝒑𝟎𝒉 +
𝝆𝒈𝒉𝟐

𝟐
. 𝒙
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𝑴𝑶,𝒆→𝒃 = 𝑺׬
𝑶𝑴 ∧ 𝒑 𝒛 𝒅𝑺. 𝒙

𝒛

𝒚

O

1 m

M

𝒙

dy

dz

𝒅𝑭𝒆→𝒃

dS = dy.dz

𝑴𝑶,𝒆→𝒃 = 𝒛=𝟎׬

𝒉
−=𝒚׬ ൗ𝟏

𝟐

ൗ𝟏
𝟐 𝒚. 𝒚 + 𝒛. 𝒛 ∧ 𝒑𝟎 + 𝝆𝒈 𝒉 − 𝒛 𝒅𝒚𝒅𝒛. 𝒙

𝑴𝑶,𝒆→𝒃 = 𝒛=𝟎׬

𝒉
−=𝒚׬  ൗ𝟏

𝟐

ൗ𝟏
𝟐 −𝒚. 𝒛 + 𝒛. 𝒚 𝒑𝟎 + 𝝆𝒈 𝒉 − 𝒛 𝒅𝒚𝒅𝒛 

𝑴𝑶,𝒆→𝒃 = 𝒛=𝟎׬

𝒉
−=𝒚׬  ൗ𝟏

𝟐

ൗ𝟏
𝟐 𝒛. 𝒚. 𝒑𝟎 + 𝝆𝒈 𝒉 − 𝒛 𝒅𝒚𝒅𝒛 

𝑴𝑶,𝒆→𝒃 = 𝒑𝟎
𝒉𝟐

𝟐
+

𝝆𝒈𝒉𝟑

𝟔
. 𝒚
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𝒛

𝒚

O

1 m

M

𝒙

dy

dz

𝒅𝑭𝒆→𝒃

dS = dy.dzPosition du centre de poussée P :

P est tel que le torseur des actions mécaniques de l’eau sur le barrage est
réductible à un glisseur ⟺ torseur dont le moment est nul

⟺ 𝑴𝑷,𝒆→𝒃 = 𝟎 

⟺ 𝑴𝑶,𝒆→𝒃 + 𝑷𝑶 ∧ 𝑹𝒆→𝒃 = 𝟎 

⟺ 𝒑𝟎
𝒉𝟐

𝟐
+

𝝆𝒈𝒉𝟑

𝟔
. 𝒚  − 𝒚𝑷. 𝒚 + 𝒛𝑷. 𝒛 ∧ 𝒑𝟎𝒉 +

𝝆𝒈𝒉𝟐

𝟐
. 𝒙 = 𝟎 

⟺ 𝒑𝟎
𝒉𝟐

𝟐
+

𝝆𝒈𝒉𝟑

𝟔
. 𝒚  − −𝒚𝑷. 𝒛 + 𝒛𝑷. 𝒚 . 𝒑𝟎𝒉 +

𝝆𝒈𝒉𝟐

𝟐
 = 𝟎 

⟺

𝒚𝑷 = 𝟎

𝒛𝑷 =
𝒑𝟎

𝒉
𝟐

+
𝝆𝒈𝒉𝟐

𝟔

𝒑𝟎 +
𝝆𝒈𝒉

𝟐

Notons    𝑶𝑷 = 𝒚𝑷. 𝒚 + 𝒛𝑷. 𝒛
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𝒚

M

𝒅𝑭𝒑𝒆𝒔→𝒃

H

Action de pesanteur sur le barrage :

𝒅𝑭𝒑𝒆𝒔→𝑺 = −𝝁𝒈𝒛𝒅𝑽
 : masse volumique [kg.m-3]

dV = dx.dy.dz

𝑹𝒑𝒆𝒔→𝑺 = −𝝁𝒈. 𝒛 න
𝑺

𝒅𝑽

𝑹𝒑𝒆𝒔→𝑺 = −𝝁𝒈
𝒃 + 𝒆 𝑯

𝟐
. 𝒛
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𝒚

M

𝒅𝑭𝒑𝒆𝒔→𝒃

H

Action de pesanteur sur le barrage :

𝒅𝑭𝒑𝒆𝒔→𝑺 = −𝝁𝒈𝒛𝒅𝑽
 : masse volumique [kg.m-3]

dV = dx.dy.dz

𝑴𝑶,𝒑𝒆𝒔→𝑺 = න
𝑺

𝑶𝑴 ∧ 𝒅𝑭𝒑𝒆𝒔→𝑺

= න
𝑺

𝑶𝑴 ∧ −𝝁𝒈𝒛. 𝒅𝑽

𝑶𝑴 = 𝒙. 𝒙 + 𝒚. 𝒚 + 𝒛. 𝒛

𝒙 = 𝒆 + 𝑯 − 𝒛 𝒕𝒂𝒏𝜶
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𝑴𝑶,𝒑𝒆𝒔→𝑺 = න
𝑺

𝑶𝑴 ∧ 𝒅𝑭𝒑𝒆𝒔→𝑺

𝑴𝑶,𝒑𝒆𝒔→𝑺 = −𝝁𝒈 න
𝑺

𝒙. 𝒙 + 𝒚. 𝒚 + 𝒛. 𝒛 ∧ 𝒛. 𝒅𝒙. 𝒅𝒚. 𝒅𝒛

𝑴𝑶,𝒑𝒆𝒔→𝑺 = −𝝁𝒈 න
𝑺

𝒚. 𝒙 − 𝒙. 𝒚 𝒅𝒙. 𝒅𝒚. 𝒅𝒛

𝑴𝑶,𝒑𝒆𝒔→𝑺 = −𝝁𝒈 න

𝒛=𝟎

𝑯

න

𝒚=− ൗ𝟏
𝟐

ൗ𝟏
𝟐

න

𝒙=𝟎

𝒆+ 𝑯−𝒛 𝒕𝒂𝒏𝜶

𝒚. 𝒙 − 𝒙. 𝒚 𝒅𝒙. 𝒅𝒚. 𝒅𝒛

𝑴𝑶,𝒑𝒆𝒔→𝑺 = 𝝁𝒈 න

𝒛=𝟎

𝑯

න

𝒙=𝟎

𝒆+ 𝑯−𝒛 𝒕𝒂𝒏𝜶

𝒙. 𝒚. 𝒅𝒙. 𝒅𝒛
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𝑴𝑶,𝒑𝒆𝒔→𝑺 =
𝟏

𝟐
𝝁𝒈𝒚 න

𝒛=𝟎

𝑯

𝒆 + 𝑯 − 𝒛 𝒕𝒂𝒏𝜶 𝟐𝒅𝒛

𝑴𝑶,𝒑𝒆𝒔→𝑺 = 𝝁𝒈 න

𝒛=𝟎

𝑯

න

𝒙=𝟎

𝒆+ 𝑯−𝒛 𝒕𝒂𝒏𝜶

𝒙. 𝒚. 𝒅𝒙. 𝒅𝒛

𝑴𝑶,𝒑𝒆𝒔→𝑺 =
𝟏

𝟐
𝝁𝒈𝒚 −

𝟏

𝟑𝒕𝒂𝒏𝜶
𝒆 + 𝑯 − 𝒛 𝒕𝒂𝒏𝜶 𝟑

𝟎

𝑯

𝑴𝑶,𝒑𝒆𝒔→𝑺 =
𝟏

𝟐
𝝁𝒈𝒚 −

𝟏

𝟑𝒕𝒂𝒏𝜶
𝒆 + 𝑯 − 𝒛 𝒕𝒂𝒏𝜶 𝟑

𝟎

𝑯

𝑴𝑶,𝒑𝒆𝒔→𝑺 = −
𝟏

𝟔𝒕𝒂𝒏𝜶
𝝁𝒈 𝒆𝟑 − 𝒆 + 𝑯𝒕𝒂𝒏𝜶 𝟑 𝒚 𝑴𝑶,𝒑𝒆𝒔→𝑺 =

𝒃𝟑 − 𝒆𝟑

𝟔𝒕𝒂𝒏𝜶
𝝁𝒈𝒚

𝑻𝒑𝒆𝒔→𝑺  =
−𝝁𝒈

𝒃 + 𝒆 𝑯

𝟐
. 𝒛

𝒃𝟑 − 𝒆𝟑

𝟔𝒕𝒂𝒏𝜶
𝝁𝒈𝒚

𝑶

EXERCICE 2 : Barrage pesant
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